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In this work, we show that regular black holes in a Randall-Sundrum-type brane world model are
generated by the nonlocal bulk influence, expressed by a constant parameter in the brane metric,
only in the spherical case. In the axial case (black holes with rotation), this influence forbids them. A
nonconstant bulk influence is necessary to generate regular black holes with rotation in this context.
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I. INTRODUCTION
The problem of singularities is an open issue in theoretical physics [see, for example, Refs. [1, 2] for discussions on
this subject in black hole (BH) physics and cosmology]. The general belief is that only a complete quantum theory of
gravity shall solve this issue. Without a fully developed candidate for a quantum theory of gravity, the singularities
are avoided, for example, with some violations in the energy conditions. These violations are more acceptable since
the discovery of cosmic accelerated expansion [3]. With these violations, the Hawking-Penrose theorems are not valid.
In cosmology or BH physics, one may build solutions of the gravitational field equations without a singularity. Such
solutions may violate the Hawking-Penrose theorems and avoid the problem of singularities.
The first regular black hole (RBH)—a compact object with an event horizon and without a physical singularity—was
constructed by Bardeen in 1968 [4] in the general relativity (GR) context as a development of ideas from Sakharov
and co-workers [5] that spacetime in the black hole central region is de Sitter-like. The Bardeen solution is spherically
symmetric and does not violate the weak energy condition (WEC). According to Ref. [6], it is formed by a nonlinear
electrodynamic field. RBH solutions with axial symmetry have been constructed as well (see the recent works [7–13]).
Contrary to the spherical case, we have shown that axisymmetric RBHs always violate the WEC [10].
In this note, we study RBHs in a Randall-Sundrum-type model (RS). The RS-I [14], two four-dimensional branes
embedded in a five-dimensional asymptotically anti-de Sitter (AdS) bulk, was introduced to solve the hierarchy problem
in particle physics. The RS-II [15] adopts only one brane and was used in Ref. [16] to obtain the induced gravitational
field equations on the brane. With these field equations, several authors [17–21] have studied BH solutions in this
context. Among these solutions, RBH solutions are generated. With spherical symmetry, previous works have shown
that RBHs may be obtained with a vacuum brane. The five-dimensional bulk and its geometrical influence (a nonlocal
influence) on the brane provide a large class of metrics, including RBHs. On the other hand, one shows that a nonlocal
bulk effect, expressed by a constant parameter in the brane metric, is incapable of generating RBHs with a vacuum
brane and forbids RBHs in the axial case.
The structure of this paper is as follows: in Section II, we present the gravitational field equations on the brane
deduced by Shiromizu, Maeda and Sasaki [16]; in Section III, we show a regular solution with spherical symmetry
on the brane constructed by Casadio et al. [17]; in Section IV, the axial case is presented and some properties are
investigated; in Section V, the final remarks. We adopt the metric signature diag(−+++) and c = 1, where c is the
speed of light in vacuum.
II. AN APPROACH TO BUILD BLACK HOLES ON THE BRANE
In the seminal work [16], Shiromizu, Maeda and Sasaki obtained the gravitational field equations on the brane in a
Randall-Sundrum-II-type model. Adopting a four-dimensional brane embedded in a five-dimensional asymptotically
anti-de Sitter bulk and the Z2 symmetry, the field equations on the brane are given by
Gµν = −Λgµν + 8piGNTµν + κ
4
5piµν − Eµν , (1)
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2where Λ, Tµν and gµν are the cosmological constant, the energy-momentum tensor and the metric on the brane,
respectively. κ5 is a constant related to the Newtonian constant, GN , and the brane tension, λ, by GN =
κ4
5
λ
48pi . The
tensor piµν is related to the energy-momentum tensor on the brane:
piµν = −
1
4
TµαT
α
ν +
1
12
TTµν +
1
8
gµνTαβT
αβ −
1
24
gµνT
2. (2)
The traceless tensor (Eµµ = 0 by construction) is the electrical part of the five-dimensional Weyl tensor projected on
the brane. Following Ref. [22], the tensor Eµν gives the nonlocal bulk influence on the four-dimensional spacetime.
This effect or influence on the brane may be described by the bulk free gravitational radiation. The local influence is
given by piµν on the matter fields.
From Eq. (1), as Gµν is the Einstein tensor on the brane, one has the four-dimensional Ricci scalar
R = 4Λ− 8piGNT
µ
µ − κ
4
5pi
µ
µ . (3)
Using a determined ansatz in Eq. (3), with spherical or axial symmetry, several authors have constructed BH solutions
in this brane context. In this paper we focus on regular solutions. In the next two sections we present both spherical
and axial solutions.
III. THE SPHERICAL CASE
In the spherical case, one may solve Eq. (3) using the general spherical ansatz in the (t, r, θ, φ) coordinates:
ds2 = −A(r)dt2 +
1
B(r)
dr2 + r2(dθ2 + sin2θdφ2). (4)
The left side of (3), with the aid of Eq. (4), reads
R = 2(1−B)− r2B
{
A′′
A
−
(A′)2
2A2
+
A′B′
2AB
+
2
r
[
A′
A
+
B′
B
]}
. (5)
The symbol (’) represents an ordinary derivative with respect to r. Typically, Eq. (5) was solved by some authors
by fixing a vacuum brane and it led to different geometries. R = 0 [17, 18] and R = 4Λ (with Λ < 0) [19] led to the
RBHs. For example, in Ref. [17], from the Schwarzschild metric element A(r) = 1 − 2m/r, one has the following
solution of Eq. (5):
B(r) =
(
1−
2m
r
)(
1− 3m2r (1 + η¯)
1− 3m2r
)
. (6)
With A(r) and B(r), one has a determined or fixed metric. In the function (6), the constant η¯ is related to the post-
Newtonian parameter β. Casadio et al. showed that the metric written using the A(r) from Schwarzschild geometry
and B(r) given by Eq. (6) is regular everywhere since η¯ > 0. The Kretschmann invariant, for example, is given by
K ∼
η¯2
(r − rs)
4 . (7)
When η¯ > 0 the coordinate system ends at r = r0 > rs, and the scalars or invariants are regular. In this example
and others, a vacuum brane with spherical symmetry can produce an RBH. This is possible because of the nonlocal
influence of the bulk on the brane.
IV. THE AXIAL CASE
In the axial case, the Kerr-Schild ansatz is useful to solve Eq. (3). The general ansatz, with a cosmological constant,
is given by
ds2 = ds2Λ +H (lµdx
µ)
2
, (8)
3where ds2Λ is the Minkowski (Λ = 0), pure anti-de Sitter (Λ < 0) or de Sitter (Λ > 0) metric, H is a smooth function,
and lµ stands for a null vector. Its explicit form in the (τ, r, θ, ϕ) coordinates reads
ds2Λ = −
(1− Λ3 r
2)∆θ
Ξ
dτ2 +
Σ
(1 − Λ3 r
2)(r2 + a2)
dr2 +
Σ
∆θ
dθ2 +
(r2 + a2)sin2θ
Ξ
dϕ2 (9)
and
H(lµdx
µ)2 = H
(
∆θ
Ξ
dτ +
Σ
(1− Λ3 r
2)(r2 + a2)
dr −
asin2θ
Ξ
dϕ
)2
, (10)
with
∆θ = 1 +
Λ
3
a2cos2θ, Σ = r2 + a2cos2θ, Ξ = 1 +
Λ
3
a2. (11)
The parameter a plays the role of a rotational parameter. Substituting Eqs. (9) and (10) into Eq. (3), the left side
of Eq. (3) is given by
R = H ′′ +
4r
Σ
H ′ +
2
Σ
H + 4Λ. (12)
Comparing Eq. (12) with Eq. (3), one has
H ′′ +
4r
Σ
H ′ +
2
Σ
H = −8piGNT
µ
µ − κ
4
5pi
µ
µ . (13)
According to Refs. [21, 23], a vacuum brane (Tµν = 0) leads to the solution of the homogeneous version of Eq. (13):
H =
2mr
Σ
−
e
Σ
, (14)
where m and e are constants of integration. The parameter m may be interpreted as the mass of the hole, and e may
be considered a tidal charge or the geometrical nonlocal influence of the bulk on the brane (the explicit form of Eµν
depends on e). However, the asymptotically flat, dS or AdS metrics with H given by Eq. (14) are singular. Contrary
to the spherical case, a constant mass function does not lead to a regular metric in the axial case. With m constant,
R = 4Λ and the Kretschmann scalar reads
K ∼
m2r6
Σ6
+
e2r4
Σ6
, (15)
and one has a Kerr-like ring singularity inside the black hole (a singular ring in the equatorial plane, θ = pi/2). To
try generating axisymmetric RBHs in a brane world context, one adopts the function H, used in Ref. [10] to build
RBHs in the GR context, plus (or minus) the term which contains the constant tidal charge:
H =
2m(r)r
Σ
−
e
Σ
. (16)
With m in Eq. (14) replaced by a general mass function m(r), the differential equation (13) is not necessarily
homogeneous:
2 (rm′′(r) + 2m′(r))
Σ
= −8piGNT
µ
µ − κ
4
5pi
µ
µ 6= 0. (17)
That is, the brane is not a vacuum four-dimensional spacetime. The quantity on the left in the above equation does
not depend on Eµν (because this tensor is traceless) and describes some matter field on the brane. Then, a regular
Ricci scalar is obtained from a mass function such that for small r the numerator of Eq. (17) must vanish as rα with
α ≥ 2 because Σ depends on r2, according to Eq. (11). With this condition, the Ricci scalar is regular everywhere.
[Note that the Eq. (17) is not in the GR context because piµν gives the local bulk influence on the brane. In GR, the
middle of Eq. (17) reads −8piGNT
µ
µ ] In the same way, the Kretschmann scalar is given by
K ∼
m(r)2r6
Σ6
+
e2r4
Σ6
. (18)
However, a mass function of the type used in Ref. [10] [for small r, m(r) ∼ M0r
3, where M0 is a constant] does not
prevent the existence of singularities in this brane world context because the second term in Eq. (18) will diverge
when r→ 0 in the equatorial plane. When e 6= 0, a mass function used in the GR context does not work in this brane
context because of the nonlocal bulk influence, expressed by a constant parameter in the brane metric. To obtain
a regular metric on the brane, the parameter e must be replaced by a function e(r), which for small r behaves like
e(r) ∼ r4.
4A. The spacetime structure
To study the spacetime structure (the event and Killing horizons and ergosphere, for example) of a regular solution
with e(r) in Eq. (16), it is convenient to present the metric (8) in the Boyer-Lindquist coordinates (t, r, χ = cosθ, φ).
Making the coordinate transformations
dτ = dt+
ΣH
(1− Λ3 r
2)∆r
dr, (19)
dϕ = dφ−
Λ
3
adt+
aΣH
(r2 + a2)∆r
dr, (20)
where
∆r = (r
2 + a2)
(
1−
Λ
3
r2
)
− 2rm(r) + e(r), (21)
the metric assumes the famous form:
ds2 = −
1
Σ
(
∆r −∆χa
2(1− χ2)
)
dt2 −
2a
ΞΣ
[
(r2 + a2)∆χ −∆r
]
(1− χ2)dtdφ
+
Σ
∆r
dr2 +
Σ
(1− χ2)∆χ
dχ2 +
1
Ξ2Σ
[
(r2 + a2)2∆χ −∆ra
2(1− χ2)
]
(1− χ2)dφ2, (22)
with ∆χ = 1 +
Λ
3 a
2χ2.
Inspired by Ref. [10], which used a general mass which behaves likem(r) ∼M0r
3 for small r and limr→∞m(r) =M0,
we have chosen a function e(r) with the properties to avoid the central singularity, according to the above results, for
small r, and an almost constant behaviour for large r, i.e.,
e(r) =
e0
(1 + ( r0
r
)q)
4
q
. (23)
The latter assumption is important to provide a metric close to the standard cases (Kerr-Newman-(A)-dS, for example)
for large values of the radial coordinate. The constant r0 is a length parameter, e0 is a constant charge, and q is a
positive integer, the same used in the mass function. Due to the form of e(r) for large values of the radial coordinate,
this function does not play an important role in either the localization of the event horizon or the localization of the
ergosphere. The horizons (inner and event) are obtained from roots of ∆r(r±) = 0 or g
rr(r±) = 0. The metric (22) is
independent of t and φ. Thus, it is endowed with the Killing vector fields ξt =
∂
∂t
and ξφ =
∂
∂φ
. A Killing surface has
null tangent Killing vectors and it is obtained from zeros of gtt(S±) = 0. The expressions for both horizons and Killing
surfaces are rather cumbersome. But the qualitative results are the same as those of Ref. [10] in the GR context using
only the general mass m(r). That is, the nonconstant bulk influence, e(r), does not change the spacetime structure
or the existence of horizons and Killing surfaces. In an illustrative form, we may indicate the spacetime structure at
the equator (χ = 0), for the anti-de Sitter case, Λ < 0, as
0 < S− < r− < r+ < S+ <∞. (24)
And for the de Sitter case, Λ > 0, the spacetime structure is given by
0 < S− < r− < r+ < Si < S+ < rc. (25)
The symbol rc represents the cosmological horizon, a present feature in asymptotically de Sitter geometries. The
surface Si indicates the intermediate Killing horizon, which is another difference from the anti-de Sitter case. In the
anti-de Sitter case, the ergosphere is localized between S+ and r+. In the de Sitter case, this important region is
localized between S+ and Si. Both ergoregions have the same features of the Kerr ergosphere, i.e., the Killing vector
ξt is spacelike inside these regions.
B. The weak energy condition
In the GR context, as we said, RBHs with spherical symmetry, such as the Bardeen and Hayward geometries, do
not violate the WEC. But, recently [24], using the approach of deforming black holes, we showed that RBHs with
5spherical symmetry may violate the WEC. On the other hand, when the rotation is present, according to Ref. [10],
where the results were obtained in the GR context, this is not the case, and the WEC is always violated.
To study the WEC violation in the axial case it is appropriate to write the energy-momentum tensor in a special
frame, the locally nonrotating frame, used in Ref. [25] to investigate the Kerr black hole and its properties (in this
frame, one has T (a)(b) = e
(a)
µ e
(b)
ν T µν). This was the approach adopted in Ref. [10]. But in the brane world described
by Eq. (1), the right side of the field equations gives the cosmological constant term plus the terms that contain the
four-dimensional energy-momentum tensor and the tensor Eµν . The latter is not fully determined. To fix this tensor,
the knowledge of the solution on the bulk is necessary as well. Then, to try overcome this situation, we may interpret
all terms on the right side of Eq. (1) as an effective energy-momentum tensor in a four-dimensional interpretation
(T effµν = −Λgµν + 8piGNTµν + κ
4
5piµν − Eµν). But, in this case, we are not in a brane world context anymore.
V. FINAL REMARKS
Regular black holes (RBHs) with spherical symmetry are obtained in a Randall-Sundrum-type brane model in
spite of the vacuum on the brane. In this case, the nonlocal bulk influence on the brane—the geometrical influence
expressed by a constant parameter in the brane metric—does not forbid its existence. On the other hand, vacuum
RBHs with axial symmetry (black holes with rotation) are forbidden in this context. Moreover, the nonlocal bulk
influence must be expressed by a nonconstant parameter in the brane metric to produce RBHs with this symmetry
in this brane world. This nonconstant parameter must behave as e(r) ∼ r4 for small values of the radial coordinate.
With this requirement, the Kretschmann scalar, for example, is finite everywhere.
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